Abstract. We show some examples for uniformly monotone operators arising in weak formulation of nonlinear elliptic and parabolic problems. Besides the classical p-Laplacian some other less known examples are given which might be of interest because of applications.
Introduction
The aim of the present paper is to show several examples for uniformly monotone oprators arising in weak formulation of nonlinear elliptic and parabolic problems. Let X be a normed space and denote by X * its dual, further, by ·, · the pairing between X * and X. Then, an operator A : X → X * is called uniformly monotone (following the terminology of [9] ) if there exist p ≥ 2, γ > 0 such that
(1.1)
for all u 1 , u 2 ∈ X. In what follows, we study operators which are obtained by considering the weak formulation of an elliptic or parabolic equation or system with some boundary conditions, see, e.g., [2, 3, 8] . Namely, in the elliptic case let X be a linear subspace of W 1,p (Ω), where Ω ⊂ R n is bounded (with sufficiently smooth boundary), p ≥ 2, and consider operator A : X → X * defined by
a i (x, u(x), Du(x))D i v(x) + a 0 (x, u(x), Du(x))v(x) dx, (1.2) where D i denotes the distributional derivative with respect to the i-th variable and
The parabolic case is a minor modification of this, X may be chosen as L p (0, T ; V ) (see, e.g., [9] ), where V is a linear subspace of W 1,p (Ω) and 0 < T < ∞, further, functions a i may depend on variable t, and in (1.2) one integrates on (0, T ) × Ω.
Supposing the uniform monotonicity (and some other conditions) for an operator like this, one can prove uniqueness of weak solutions, continuous dependence of the solutions on datas and for parabolic equations one can obtain results on stabilization of weak solutions, see, e.g., [4, 5, 8] .
The well known example for such operator is
. . , D n u). In this case, assuming homogeneous boundary condition, Gauss's theorem yields that operator (1.2) is the weak form of operator u → ∆ p u + u|u| p−2 where
is the p-Laplacian. Note that in case
) ∆ p is also uniformly monotone since, due to Poincaré's inequality, an equivalent norm can be introduced in W 1,p 0 (Ω), see [1] . In [4, 5] we considered a nonlinear system modelling fluid flow in porous media. In that case functions a i did not depend on (ξ 0 , . . . , ξ k ) if i > k. The present paper was motivated by such system. We shall show a variety of examples for uniformly monotone operators, including functions a i of that type. In the next section we shall formulate and prove a result of [6] which is a sufficient condition for uniform monotonicity and this will be applied to examples in Section 3. For further details on operators of monotone type, see [7, 9] .
Sufficient condition
Let Ω ⊂ R n be bounded and X be a linear subspace of W 1,p (Ω) (p ≥ 2) and use the notations introduced in the prevoius section. We define operator A : X → X * by the formula (1.2). A weak form of an elliptic problem may be written as
. (In the parabolic case one has the form D t u + Au = F , where D t denotes the distributional derivative with respect to the variable t, further, X and A are modified as explained in the introduction.) This kind of abstract problems have an extended classical theory (see, e.g., [7, 9] ). Existence and uniqueness of solutions can be guaranteed by supposing the following conditions: (A1) Functions a i : Ω × R n+1 → R (i = 0, . . . , n) are of Carathéodory property type, i.e., a i (x, ξ) is measurable in x ∈ Ω for all ξ ∈ R n+1 , and continuous in ξ ∈ R n+1 for a.a. x ∈ Ω. (A2) There exist a constant c > 0 and a function k ∈ L q (Ω) such that for a.a.
(A3) There exists a constant C > 0 such that for a.a.
Clearly, the third condition implies (1.1) for all u 1 , u 2 ∈ X with γ = C thus (A3) ensures the uniform monotonicity of operator A. Now we recall a result of [6] which is a sufficient condition on functions a i which guarantees condition (A3).
Proposition 2.1. Suppose that p ≥ 2 and a i is continuously differentiable in variable ξ for all i = 0, . . . , n. Further, assume that there exists a constant δ > 0 such that for a.a. x ∈ Ω, all ξ ∈ R n+1 and all
Then condition (A3) holds.
To prove this assertion we shall apply the following inequality (2.2) from [6] . For the convenience we present the proof of it below. Lemma 2.2. Let a, b be arbitrary and s ≥ 0 real numbers. Then
Proof. The case b = 0 is obvious. Now let b = 0, then by homogenity suffices to verify the inequality for b = 1. Further, without loss of generality we may assume a < 0. We have to cases. If a + 1 > 0, then by dividing interval [0, 1] into two parts with respect to the sign of c + τ , and by integrating separately we obtain
.
In the last estimate we used inequality |α + β| s+1 ≤ 2 −s |α| s+1 + |β| s+1 . In the other case a + τ is negative for all τ ∈ [0, 1] thus
Note that (2.2) is sharp, we have equality if
Now we prove Proposition 2.1. We follow the proof of [6] .
Proof. Fix x ∈ Ω, ξ,ξ ∈ R n+1 and define functions f i : [0, 1] → R by f i (τ ) = a i (x,ξ + τ (ξ −ξ)) (i = 0, . . . , n). Then by applying assumption (2.1) and inequality (2.2) we may deduce
|ξ −ξ| p .
Whence after integration we conclude
Thus condition A3 holds with C = δ 2 p−2 (p − 1) .
Examples
Now we show some examples of uniformly monotone operators which fulfil also conditions (A1), (A2). For simplicity, we consider examples not depending on variable x. In the sequel we always suppose p ≥ 2.
Note that functions a i obviously fulfil conditions (A1), (A2). Now simple calcula-
thus, by Proposition 2.1, condition (A3) holds as well.
i.e., A is the weak form of operator u → ∆ p u + u|u| p−2 mentioned in the introduction. Obviously, functions a i satisfy conditions (A1), (A2). It is easy to see that
thus from Proposition 2.1 it follows that A is uniformly monotone. Example 3 Let a i (ξ) = ξ i |ξ| p−2 +g i (ξ) (i = 0, . . . , n), where functions g i : R n+1 → R are continuous, further, there exist positive constants c, ε such that
n). It is clear that conditions (A1),
(A2) hold. By using Example 2 and the inequality |αβ| ≤
which implies condition (A3). As an example for functions g i with the properties (3.1), consider, e.g., Example 4 Now we show example for the system considered in [4, 5] which was mentioned in the introduction. Suppose 2 ≤ p ≤ 4 and let
We show that these functions fulfil condition (A3) ((A1) and (A2) obviously hold). Now for brevity let ζ = (ξ k+1 , . . . , ξ n ). Clearly,
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By using the estimate
and the fact that |ζ| p−4 ≥ |ξ| p−4 (since p ≤ 4) we conclude
Now Proposition 2.1 yields the uniform monotonicity of A.
In case p > 4 one may consider, e.g., the following functions:
where 2 ≤ r ≤ 4. By using the previous examples it is not difficult to show that these functions satisfy condition (A3). We show that if α is sufficiently small then functions a i fulfil condition (A3) ((A1) is obvious and due to the compact supports (A2) is also satisfied). Observe that 
